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Mnaou mamemamuuap

JaBug Xunoept

[To3natn Hemauku maremaruyap JlaBun
Xunbept (23.01.1862-14.02.1943) nakon
3aBpIlIEHE THUMHa3Mje y POIHOM TIpany
Konurcbepr ynucyje ce Ha YHUBEP3UTET
y uctom rpaxay. Jokrtopupao je 1885.
roguHe, ca auceprtaunujom ,,0
HEIIPOMEHJBMBUM CBOjCTBUMa IMOCEOHUX
OuHapHuX (opMH, ca HarIaCKOM Ha
cepHe XxapMOHHUjCKe PyHKITHje™.

logune 1884. Anond Xapsui, ca
dbakyntera y l[oTuHreny, mocraje
BaHpEeIHU Tpodecop Ha QakylITery y
Konurcoepr n yop3o nocraje Xunbeprto
npujaresb. On Taga wuxoBa MelhycoOHa
pa3MeHa HaydyHUX HJeja MMa 3HavajaH
yTHULIQ)] HAa HUXOBE HAayyHE Kapujepe.
Xunbept je 610 uiIaH HaCTaBHOT 0co0Jba
Ha YHuBep3uretry [otunreny 1886-1895. rogune, a ronune 1895. Xunbepr je
nocTaBJbeH 3a meda kareape Ha OceKy 3a MaTeMaTuKy Ha YHUBEP3UTETY, Y TO
BpeMe HajOoJbeM LEHTPY 3a HayyHa MCTPa)XKMBama y OOJIACTH MaTeMaTuke Ha
CBETY, I7Ie TIpeJiaje OcTaTak Kapujepe.

XunbepToBa 3HayajHa MO3UIMja y cBeTy Marematuke mocie 1900. ronune ce
orjenansa y TOME INTO Cy ra JIpyre MHCTUTYIHje JOBOIWIE Y UCKYLICHE aa
HarycT [otunres , a 1902. u Hynuie mecto 1meda KaTeape Ha YHUBEP3UTETY Y
Bepnuny. Xundept je on6uo Ty MOHYY, aJId HAKOH IITO j€ CKJIOMHO YTOBOP ca
VYHuBep3uteToM [oTHHTeH, yOeIMBIIN UX J1a YCIIOCTaBe HOBO MECTO Ieda Ha
KOj€ je JIOBEO CBOT Haj0oJber npujaTesba MUHKOBCKOT.

XunbepToB MpBU paj HA HEMIPOMEHJbUBUM (QyHKIMjama j0oBeo Ta je 1888. o
Mo3HaTe TeopeMe KoHa4HOCTH. J[Bamecer rommna panumje, [layn Iopmon je
JEMOHCTPUPAO TEOpeMYy O KOHAYHOCTH TeHeparopa OMHAapHUX oOOIMKa
kopuctehn BpIO KOMIUIMKOBaHE MpopadyHe KOju Cy OHeMoryhunu
II0J€IHOCTaBJbUBAKE CaMe METO/Ie Ha (PyHKI[HMje ca BUILIE O JIBE IIPOMEHIbHBE.
Xunbept je youro noTpedy cacBUM JIpyrauujer IpucTyna.
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Kao pesynrar nemoHcTpupao je ,,XuiabepTroBa OCHOBHA TeopeMe‘* Koja IMmoKasyje
MOCTOjal-€ KOHAYHOI' CKYyTla TeHepaTopa HEe3aBUCHO 071 Opoja MPOMEHJbUBHX, Y
aricTpakTHOM o0uKy. O6jaBsbHBame Tor pajna y Mathematische Annalen my je
07101jeHO ca pa3IoroM Aa Huje cBeoOyXBaTaH U OTITYH H J]a C€ YOIIIITE He pajiv O
Matematui. Mehytum Xunbept je y cienehem uinaHKy, KOjer OMET MIajbe Y
Annalen, npomupro cBojy MeToay Aajyhu kananuuTeTe 0 MaKCUMAJIHOM CTETIEHY
MUHHUMAJIHOT Ce€Ta TeHeparopa. Taj paja je ollemeH Kao Haj3HayajHUje N0 Y
obnacTu ommTe anredpe Koje je Jacomuc ukaaa o0jaBuo. Y Tekcry ,,OCHOBe
reomeTpuje” koju o6jaBipyje 1899., oH mpeminaxke ceT T3B. ,,XHIOEPTOBHX
akcuoMa“ KojuMa 3aMemyje TpaaunuoHaie Eyknunose akcuome. Te akcrome
UCTIpaBsbajy c1abocTu youeHe koJ EyKianIoBHX akcMoMa KOjU Cy ce J0 Tajaa
KOPHCTWIIX JIOCJIOBIIE KA0 IITO Cy HAaMMCaHU. XWIOEPTOB MPUCTYI O3HAYHO ]
npebanrBame Ha MOACPHE aKCMOMATCKe MeToze. XWIOepT je MPe3eHTOBAo, Y
o0nuky roBopa ,,IIpoGremu Maremaruke JIUCTY HEpelIeHHX IMpobiemMa Ha
WHTEpHAIMOHAIIHOM KOHrpecy Matemarudapa y [lapuzy 1900. rogune, kojy je
KacHUje mpommpro Ha 23 mpobiaema. TUM TOBOpOM je Keneo 3a0KPYKUTH
MaTeMaTU4KH jako ycrmeman 19. BeK W NpenBUICTH Pa3BOj MareMaTuke y
oynyhaoctu. Tom npuinkoMm je pexao:

,»AKO BepyjeMo y pa3B0Oj MaTeMaTH4KOr 3Hama y O11ckoj OyayhHoCTH, MOpamo
ce 1Mo3a0aBUTH HEMOBPIICHUM MHTAKBHMa W PEIIUTH TpoOlieMe Koje 3amaje
JlaHaIlkha HayKa, a 9ija pelIekha 04eKyjemMo.  ,,3HaMo J1a CBaKu BEK HOCH CBOj€
npobieme koje cienehu Bek periasa Ui 3aMmemyje HoBUM.  ,,Kpaj cjajHe enoxe
MO3MBa HAC Ja C€ OCBPHEMO Ha IMPOMUIOCT, aJli U Ja TOIIeaM0 Y HEMo3HaTy
oynyhnocr.*

XunbepToBu TpoOIEeMH YKIbYUYyjy XHIIOTE€3y KOHTHHYYMa, KOH3HCTEHTHOCT
aKcHoMa apuTMETHKe, PUMaHOBY xunoresy u apyre. 3a BpeMe IpOLUIOr BEKa
MHOTH Cy MpOOJIeMHU U PElIeHH, U CBAKO pelieme je Omio 3HavyajaH aorahaj 3a
MaTeMaTuKy.

Janac ce XunOGepToBO MME MaMTH KPO3 KOHIIENT ,,XHJIOEPTOBOT MpocTopa‘.
MaremaTuuku KOHIENT ,,XHJIOEPTOBOI MpOCTOpa” TeHepalusyje IojaM
EyximmoBor mpocTopa Ha Ha4HH Jia TIPOIIHUPYje METOIC BEKTOPCKeE anredpe ca 2-
JTUMEH3MOHAIHOT W 3-IMMEH3MOHAJIHOT MpPOCTOpa Ha OECKOHAYHO
JUMEH3MOHaNaH mpocTop. To je ancTpakTHU BEKTOPCKH MPOCTOP y KOMe
YAAJbEHOCTH M YIJIOBH MOTY OMTH M3MEPEHH | IEJIN CE HaJla3e y TOM IPOCTOPY.
Jomr jeman on pasnora 3a ycmex TeopHje ,,XHWIOEpTOBOI mpocTopa“ je u y
YUILEHUIM J1a MAaKO C€ MOTY DPAa3JIMKOBaTH MO TOPEKIy M u3rieny, Behuna
XunbepToBUX NPOCTOpa INIEAAHO Y MaTEeMATHIH U (PU3HIH, CYy CaMO YMHO)KEHA
MaHH(pecTaluja jeAHoT oABojeHOT XUI0epTOBOT IPOCTOpA.
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Xunbepr je Aa0 TONPUHOC Y MHOTHUM TpaHama MaTeMaruke: TeopHuja Opojesa,
(byHKIMOHATHA aHAIM3a, UHTerpajiHe jeqHaunHe, uta. Mako je 0no HCKibyuuBO
maremaruyap, XwiOepT je y jegHoM Iepuoxy Ouo mocBeheH u ¢usuim,
UCTPAKHUBAO j€ ¥ TEOPH]Y PEITaTHBHOCTH.

Xunbeprt je mpuMHo 1 rodact oa Akagemuje Hayka y Mahapckoj 1905. rogune, a
1930. je mnpormamen mnodacHuM TpahanuHom Konurcoepra. XuibepToB
€HTy3Mja3aM 3a MaTeMaTHKy M TOCBENeHOCT pemaBamby MaTeMaTHYKUX
npo0ieMa TOKOM LIEJNOT HEroBOI XKHMBOTA MCKa3aHa je KpO3 HEeroBHX LIECT
MO3HATHX pedu: ,,Mu MopaMo 3HaTH, MU hemo 3HaTu ™.

XuinbepToB CUCTEM aKCHOMa

XumbepToB CHCTEM aKCHOMa je MPBHU IMyT 00jaB/beH Ha caMoM Kpajy 19. Beka y
neny: Hp HdaBun Xunbept, Ocnose reomerpuje (David Hilbert, Grundlagen der
Geometrie, 1899), xao oxnroBop Ha Tajammbe (QyHAAMEHTaTHE Mpobiaeme
Eyxmuncke reomerpuje. Kibura koja je MHOTO TyTa npeBol)eHa u npepahuBana,
na Ov TaHac Owiia Mo3HAaTa Mo UMEHOM XHJI0EPTOBE OCHOBE TEOMETPH]E.
XunbepToBe akcHOMe TeOMEeTpHje Cy ITaMIIaHe y ceprjaMa h3/1ama yII0eHuKa
CpeAmUX MIKOJNa, YITIaBHOM y ckpaheHoMm oOnuky. To je ocHOBa 3a OHaj Je0
MaTeMaTHKe KOji Ha3UBaMO eJIEMEHTapHa TeOMETPH]a.

Jedpuannmja: Mu 3aMuIIIbaMO TP pa3IMunUTa CUCTEMA CTBAPU: CTBApH MIPBOT
CHUCTeMa Ha3uWBaMO TaykaMa M O3HadaBamo ux ca A, B, C,...; ctBapu npyror
cUcTeMa Ha3MBaMO IpaBaMa M O3HauaBaMo UX ca a, b, c,...; crBapu Tpeher
cUCTEeMa Ha3MBaMO paBHUMA U 03HAYaBaMo UX ca d, f3, ¥,...; TaUKe ce Ha3UBajy U
€JIEMEHTHMA JIMHEapHe FeOMETpHje, TauKe M MpaBe Ce Ha3UBajy €JIEMEHTHMA
eJIeMEHTHMa paBHE TEOMETpHje, a Tadke, NpaBe M paBHU C€ HA3UBAjy
€JIeMEHTHMA IPOCTOPHE FEOMETPHU]€, WIIH EIIEMEHTUMA IPOCTOPA.

Mu 3amuIITBaMO Tauke, MpaBe U PaBHU y U3BECHUM MelyCoOHMM OfHOCHMA U
O3HauaBaMoO OBe ogHoce peunma "mexaru", "usmely", "momgymapHo",
"mapanenHo"”, "HeNnpeknaHO"; TauaH U 3a MaTEMaTHYKe CBPXE MOTITYH OITUC OBUX
OJIHOCA MOCTH KE ce ToMOhy akcHoMa reoMeTpHje.

AKCHOME TeOMETpHje MOXKEMO IMOJCIUTH y MET TPyIa; CBaKa MOjeAMHAYHO O
OBHX I'pyIa N3pa)kaBa U3BECHE IOBE3aHE OCHOBHE YMILCHUIIEC HALIET ONayKamba.
Mu hemo oBe rpyne akcoma Ha3uBaTu Ha cieaehu HauuH:
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I akcmome nHIMIEHIIH]E,

IT akcuome pacnopena,

IIT akcnome moxynapHOCTH,
IV akcuoma napanenHocTH,
V akcroMe HeMpeKUIHOCTH.

\

Xui0epToBH NpoOIeMHU

XunbeproBu mpodiaemu, To ¢y 23 mpobiiemMa, o1 KOjHX je TPUHACCT IMOCTaBHO
Matemarndap JlaBua Xunbept ma 6w Ha Jlpyrom MelyHapomHOM KOHTpecy
maremaruydapa y [lapusy, 8. aBrycra 1900. rogune Ouito 101aTO jOIII JIECET, OB/IE
opoj 1, 2,6, 7,8, 13, 16, 19, 21, u 22. Heku ox oBux mnpodiaema Cy 3ampaBo
HoZIpyyYja 3a HCTPAKUBAKE, a 33jSJIHO Ca OCTAIMMa OWJIH Cy IPUMEp HapacTama
YUTABUX JUCLUILUIMHA, BDEMEHOM, U3 MAJIHX ,,[TpodiemMa’’.

1.KanTopoB npoOiieM KapAHAIHOT Op0oja KOHTUHYYMa.

2.KOH3HCTEHTHOCT aKCMOMa apPUTMETHKE.

3.JenHaxocCT 3anpeMuHa JjBa TeTpaeapa jeHaKux 0a3a v BUCHHA.

4.1Ipo6nem mpase TMHUj€ Kao Hajkpaher pacTojama n3mel)y aBe Tauke.
5.Konuenrt JlujeBux rpyna HenpekugHux TpaHchopmaliyja, 6e3 npeTnocTaBke
nubepeHInjabuITHOCTH.

6.Marematruyku TpeTMaH akcuoma ¢usuke. Moxe nu ce (u3uka
AKCHOMAaTH30BaTU?

7.MpaniioHaTHOCT ¥ TPAHCIIEIEHTHOCT N3BeCHUX OpojeBa, oblika ab, Hrip.
8.IIpoGnem mpoctux 6pojeBa, Pumanosa xumoresa.

9.0m1mTH 0Ka3 TeopeMa perupoIHOCTH TeOpHje OpojeBa.

10.0Omnmre peiewe Jnodanrose jesHaunHE.

11.KBanparHa opma mpon3BOIBHOT 11e100POJHOT aaredapCKor noJba.
12.KponekepoBa Teopema, KOHCTPYKIIHja XonomMophHe GyHKIH]e.
13.HemoryhHocT peniema omnmire jegHadnHe 7-0r cTeneHa (hyHKiujama ca camo
JIBa apTyMEHTA.

14.ITpobnemM KOHAYHOCTH U3BECHUX (DYHKIIH]a.

15.Crporo 3acauBame L1lybeproBor HenpeOpojuBOT padyHa
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16.ITpoGnem Tomosnoruje anredapcKuxX KPUBUX U OBPIIIH.

17.Penipe3enTaryja konuane (opMe KBaapara.

18.13rpaama mpocTopa U3 KOHTPyEHTHOT MOIHEpA.

19.Jecy nmu peniema mpodiieMa Bapujaliija yBeK aHaTUTHIKA?

20.0mmty mpo6ieM rpaHuYHE BPEHOCTH.

21.Jloxa3 ersucTeHuMje pellemha JUHeapHe TudepeHIjaTHe jeJHadrHe 32
MOHOJIPOMCKY TPYILY.

22.Yaudopmuzanuja aHUIMTHYKKUX peltaiyja momohy ayroMoppHux GpyHKIHja.
23.J1ap¥ pa3Boj METO/1a pauyyHa BapHjalyja.

Kamapuna Josanosuh I-1

4 )
IIpoBepa TAYHOCTH MHOKeHa

Hanwumere jenan Behu 3Hak X.

VY jenan yrao Hanuimiere 30up mudapa jeTHOT YMHHOLIA, aJlid TaKO IITO T'a YBEK
cBeneTe Ha jeaHouudpeH 6poj yBek HOBUM cabupameM Idapa (penumo - o1
3573 -3+5+7+3=18, 1+8=9 - 3nauu, ynucyjere "9")

Y Hacnpamuu yrao ynuiiete "30up" nudapa a1pyror ynHHOLA.

[TomHoxuTe Te nBe 1Mdpe u pesyarar (omer "cBeneH" Ha jeaHy Ludpy, 1O
MPETXOIHOM YITYTCTBY ) YIIUIIETE Y je/IaH OJ1 IBa IIpeocTaa yria.

VY nocneawu ynumere "30up" mudapa u3 "mpasor" mpousBona 10 Kora cTe
JIONITM padyHameM. AKO CT€ MCIIpaBHO padyHaid, oBa Iudpa mopa ma Oymae
jeaHaKa npeTXoaHoj.

- J
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['eoMeTpHjCKE HEJETHAKOCTH

Ha nmoueTky HaBoaMM nedUHUI]C U TBPhEma Koja cy HEOIXOaHa 3a

peuiaBamkbC HABEACHUX 3a/laTaKa:

g+922 zaa, b>0 (*)
a

Hejegnakoct uzmel)y apuTMETHUKE U TEOMETPUjCKE CPEIUHE 3a 3 wiaHa:

a+b+c

>3abc 3a a,b,c>0.
Hejennakoct u3mel)y apuTMeTHYKe U XapMOHHU]CKE CPEIMHE 32 3 diiaHa:

a+b+c2 3
3 1

1
a b ¢

T

3ATIAIIU

1.AKo cy a, b, ¢ gyXuHE CTpaHHIIAa TPOYTIIA U O, 3, Y BETUYHHE
oJiroBapajyhux yrio,a, Jioka3aTH Ja je:

ao +bB +cy Zé(a[& +ay +bo +by +co+cp)
JHoxka3z:

Hekaje a>b>c.Tamaje a >3 >y, maje

a-b>20, a-p =0,
b—c>0, B-y=0,

a-c20, o-y=2

(a—onc—B)+ (b—cXﬁ —y)+ (a—chc —y)Z 0,
ao. —aP —bo +bp +bp —by —cP +cy +aa —ay —co +cy =0,
2(610, +bpB +cy)2 (aB +ay +ba +by + ca +c[3)

ao +bp +cy Z%(aﬁ +ay +bo + by +ca +c[3)
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2. Heka je M npousBosbHa Tauka y Tpoyriy ABC umje cy nykuHe cTpaHuua a,

b u c, P merosa nospmuna. Jlame, Heka cy R,,R,,R,oxncTojame Tauke M of
BpxoBa A, Bu C, a r,r,,r;oncrojame tauke M ox crpanuna BC, CA nu AB

tpoyrina ABC. Jloka3zaru:

R +R,+R; =2 (r1+r2+r3)
Jlokas:

Axo ca M' o6enexuMo TayKy CUMETPUYHY Ta4yku M y OJHOCY Ha CHMETpaIy
yrma ZBAC = a, oacrojame Tauke M' ox mpaBux AB i AC Guhe jennako
nyxuma r, u ry. C 003upom na je tauka M u y tpoyriay ABC, ona je u y yriy
BAC, na je u M' y yrny BAC. Ilpema Tome, mpaBa AM' ceue crpanuiy BC y
Hekoj Tauku A'. Ako 3arum obenexxumo ca Bl u Cl momHoXkja HOpMana w3

tadyaka B u C Ha npaBoj AM', 6uhe

BC = BA'+ A'C = BB, +.CC,
MHoxemeM 00e cTpaHe OBe HejelHaKoCTH ca R, , 300r AM' = R, mamasumo na
je:
BC ‘R, = BB, “R + CC, "R, = 2P? M'AB + 2P? M'AC,
Tj.aR, =cr, + br,.

A
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W3 oBe n aHAJOTHUX HEjeTHAKOCTHU CIIEAN 1A je

c b a C b C
R=—nrn+t—n;, Ry=—r+t—n, R=—n+-—-n,
a a b b c a

CabupameM oaroBapajyhux cTpaHa OBUX HejeJHAKOCTH HalIa3uMoO J1a je
R, +R, +R3:(E+E)r1 + (E+C_)r2+ (E+b_)r3’
c b a a b a
a ozasJe je 30or (*) R +R,+R, =2(r,+r,+1,),

IITO je ¥ TpebaJio JoKa3arTu.
3HaK jemHaKoCcTH Baxku ako je Tpoyrao ABC jemnakoctpaHuyaH, Tj. aKo je
Tauyka M BEroBo TEXKHUIITE.
OBa HejegHakocT mo3Hata je kao Epnem-MongepoBa HejenHakocT. by je

noctaBro mahapcku maremapuuap Epmem 1935., a ucte rogune Mopaen je
71a0 CIIOXKEH JI0Ka3 OBE HEjEHAKOCTH.
3. Heka je n npupojan 6poj u o, B u y yriaoBu Tpoyria. Jlokazatu na je:

B n+2

na’ n n’Y T
ctg" —+ctg" = +ctg" —>3 2 |
E T8 Ty

Jlokas:
3a yrioBe o, B Uy MPOU3BOJEHOT TPOYIJIA BAXKHU:
o B a B
ctg—-ctg—— clg-_--cltg - —

o p Y 2 ¥ 2 "2 ¥
ctg—+tctg—+ctg—= +ctg— = +cig - =
TR fa By 0 tg(yj 2

272 2
Y a B Y o B
ctg—-|ctg—-ctg——1|+ctg—= ctg—-ctg—-ctg—
gz(gz g2 j g2 g2 g2 g2
3aro je ctggctgﬁctg1 > 3~3\/ ctggctgﬁctgl , OJIaKIIe CIIeJN
2 2 72 2 2 72
ctggctgﬁctg1 > 3% . Hame je ctg” g+ctg” E+ctg” Ty
2 2 72 2 2 2
= n+2
o B vV _,7 .
3(ctggctgzctg 5] >3 2 . JegHaAKOCT BaXH aKKoO j€ TPOyrao
JeIHAKOCTpaHHYaH.
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4. Hexka cy r 1 R mosrynpeyHHIM yIIUCaHe U OMUCAHE KPY)KHULIE, PEJIOM,
OLUTPOYIJIOT TPOYTia, a o, 3 ¥ Y HEroBH yrioBu. Jloka3zaTu 1a Baxu:

1 1 1 9R
+ + > .
cosaa cosf} cosy R+r

Joxkas:
Hexa cy a,b,c oarosapajyhe crpanwuiie Tpoyria, P leroBa MoBpIlvHa,
a s monyooum. Kako je o + +y =180°, cnenu
sinol +sin B +sin(a + )

a+p  a-P

= 2sin cos + ZSil’la * co
2 2 2

:ZSinOL;B -(cosa — +cosmj

2 2

= 4cosgcosEcosl .
2 2 2

U3 cunycHe Teopeme je a =2Rsino, b=2Rsinf3, ¢=2Rsiny ,na

: abc
Kako je rs = P=——, cneau
4R

ro_ abc _ 8R’sinasin B siny
R 2R’(a+b+c) 4R’(sino +sinf +siny)
2~ZSingcongsinEcosE-2sin1cosl
_ 2 2 2 2 2 2
4cosgcosEcosl
2 2 2
=4singsinEsinl= . cosﬂ—coso('JFB CosOhLB
2 2 2 2 2 2

+Bp o a-P

—2cosZ cos —2cos’
2 2

a+p
2

=cosa +cosf —cos(a +B)—1

=cosa +cosf +cosy —1,
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naje r=R- (coscx +cosf +cosy — l). W3 npeTxoaHOr U HejenHaKocTH u3mely

ApPUTMETUYKE U XapPMOHH]jCKE CpPeHHE (KaKO je TPOYrao OIITPOYTIIH, BaXKH
cosa,cos 3,cosy > 0) cnenu
1 1 1
+ +
9R 9 coso. cosB cosy _ 1 N 1 N 1

= <3 .
R+r cosa +cosf} +cosy 3 cosa.  cosf  cosy

JemHaKoCT BakM aKKO je TPOyrao jeTHaKOCTPaHUUaH.
5. dujaronana AC ceue aujaroHany BD konBexcHor uerBopoyria ABCD y
weHoM cpeaumty S. Y tpoyriose ABS, BCS, CDS u DAS ynucane cy pegom

KPY>KHHUIIE Ca NOIyNpeuHuuma 7,7, ,r,,7, . Jlokasaru za je:

1
h=r -1 | = 3 AB-BC+CD-DA .
Jloxkas:

Ha ocHoBy no3unare popmysie , uMaMo:

= 2PSAB r= 2PSBC

" SA+SB+ AB’ 2 SB+SC+BC
= 2PSCD r= 2PSDA _
> SC+SD+CD’ Y SD+SA+DA

[Tomrro je SB = SD, nopumae TpoyrioBa SAB u SDA cu jeanake, a
ucTo Tako U nopiuHe TpoyrioBa SBC u SCD. 3aTto umamo
1 1

Ly 1= 2P [ o - 1
T A Gy SB+ 4B SA+SD+AD M

- 2P,,|AB 4D
(SA+SB+ AB)(SA+SD+ AD)

Crpana 10



Mnaou mamemamuuap

Octaje na omenuMo BpegHocT pasznomka y (1). IlpousBon nyxuHa nBejy
CTpaHMIIA Ma KOT TPOyTJia je YBeK Behu miM jeqHak HeroBoj MOBPIIMHM, T1a je
Tako (omet ¢ 063upom Ha SB = SD)
(SA +SB + AB)(SA +SD + AD)
= (SA+SB)’+ AB-SA+AD-SA+AB-SB+AD-SD+AB - AD
=8Psap + 2Psap + 2Psap + 2Psap + 2Psap + 2Ppap = 20Psas.
U3 (1) cnenu na je

1
-ty = 0 AB-AD .

1
AHanorso je |r,-r, | = 0 CB — CD . IIpe Hero mro cabepeMo OBe JiBE

HEjeIHAKOCTH, MIPUMETHMO Ja 3a OBaKaB 4eTBOpoyrao Baxu AB > AD akko
CD > CB, na 3akspyuyjemo jaa je

1
\n=r,+r—r | =\n-r,,+t :rz-r3:=ﬁ( AB-AD + CD-CB )
1
ZE(AB—BC+CD—DA),

[IITo je jaya HejeTHAKOCT O/ TPAXKEHE.
6. Y tpoyriy ABC n3abpana je mpousBosbHa Tauka M. Kpo3 my 1 Temena A,
B, C noByuene cy npase AM, BM, CM, koje cexy oarosapajyhe crpauie

Tpoyria y Taukama A,,B,,C,. Jloka3zaTu ja BaXu HejeIHAKOCT:
AM  BM CM

+ + -2 06

Jlokas: AM  BM CM

Osnaummo ca S,,S,,5; penom nospimne Tpoyrinosa MBC, MCA, MAB.

Tpoyrinosu ABC u MBC umajy 3ajeqHUYKY OCHOBHUILY, I1a je
AA M4, =S5:S, =(S,+S5,+53):5,,

rae je S moBpirHa gator Tpoyria. [IpumenomM ocobuna mpormnopirja 1001ja
ce: (AA, —MA,): M4, = (S, +S53):S,, onHOCHO
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MA S, S
MA S, S,
CrnuuHo ce nqobwuja:
MB S, S, MC S, S,
—=—+—"1u—=—+—=
MB, S, S, MC S, S,
CabupameM OBE TPH JeTHAKOCTH | JJOOHja Ce TpakeHa HEjeTHAKOCT:
AM+BM + M = i+i + i+i + i+i > 6.
AM BM CM S, S, S, S, S, S,
7. Y mpaBoMm yriry ca TEMEHOM A YITUCaH je KpYT KOjU Kpake JOANpyje y

taukama B u C. Ako ce KOHCTpyHIIIe TAaHI€HTA Ha JIaTH KPYT, TAKO J1a TY>KU

AB u AC cede y Taukama M u N, 1oka3zatu jaa je:
%(AB+AC) < MB+NC < %(AB+AC)

Joxkas:

Hexka je P nogupha Tauka tanrente MN u kpyra. Taga je MP = MB u NP =
NC, nma je MN = BM + CN. V tpoyriny AMN je MN < AM + AN. Cabupamem
MOCJIENIIbE JIBE pelaiuje 100uja ce:

2MN <BM +CN + AM + AN = AB + AC,
. 1
OJIaKJIE J€e MN < E(AB+AC)

Ca nopyre ctpane, MN je xunorenysa tpoyria AMN, na je MN > AM u MN >
AN, 1j. 2MN > AM + AN. Kana ce ta Hejeqrakoct cabepe ca MN = MB + CN
u noouhemo 3MN > AB + AC,

ofIaKIe je MN > %(AB +AC).

Muna Ipoxuh IV-1
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BuncoHoBa Teopema

BunconoBa Teopema je jeqHa O IMO3HATUX TeopeMa O TEOpHju Opojesa.
Otkpuo jy je Ilon Bwumicon, cryaeHT enrieckor maremarwdapa Epsapma
Bapunra. IIpodecop jy je o6jaBuo 1770. rogune, ajiu je HU jeAaH HU OPYTH
Hucy nokasanu. CnaBHM (QpaHuycku matemaruuap Jlarpanx je 1771. rogune
OpBU JI0OKa3ao OBy TeopeMy. 3a pa3nuKy of mno3Hatuje mane Depmaose
Teopeme, BuiicoHoBa Teopema naje u nmoTpedaH U J0BOJbAH YCJIOB Aa Ou Opoj
6uo npocrt. [IpeacraBuhemo BuiconoBy Teopemy, aTu J1Ba JI0Ka3a U PEIIUTH
HEKOJIMKO 33J]aTaKka y KOjuMa ce Teopema IpuMemyje.

Teopema [Buiiconosa teopema]: IIpuponan 6poj p =2 je IpocT ako U camo
akoje (p- 1)!'+1=0 (modp).

Jokas: 3a p = 2 tBpheme ounriieHo Baxu . Ako je p mpoct Opoj Behu ox 2,
Taja je p HemapaH, ma ce y mpou3Boay 1 - 2 - 3 ... (p - 1) mapan Opoj
ynHuiana. Heka je k < {2, 3,... ,p - 2}. bpojesu k, 2k, 3k, . . ., (p - Dk, pk
YiHE TMOTIYH CHCTEM OCTaTaka MO MOAYIY p, Ia y HEKOM pefocieny Aajy
ocratke 0, 1, 2,... p- 1 no monyny p.

O63upoM 1a je k= 1 (mod p), (p - 1)k Z1 (mod p) u phZ L(mod p), ouna je ki
=|(mod p) 3a jenan (u camo jenan [€{2,3,...,p- 2}. AKO NpeANOCTaBUMO J1a
je I = k, onna umamo A°=1 (mod p) oxuocro (k - 1)(k +1) =0 (mod p) wro
nosnaun k=1 (mod p) wmm k= - 1 (mod p), mTo je cynpoTHO ToMe Aa k = {2,
3,....p-2}.

[Ipema Tome, ckym {2, 3,... ,p- 2} MOXeMO MOACITUTH HA JIBa jeJHAKa Jelia TaKO
Jla 3a CBAaKO k W3 JeTHOT Jejia MOCTOJH JEIWHCTBEHO / W3 Jpyror jaena ca
cBojcTBOM kI =1 (mod p).

2-3...p=2)=1-1...1 [(mod p).

=23
=

OJTHOCHO
(- 2)!=1(modp).3ak=p—1je k= -1 (mod p), na je KOHAUYHO

(»- D!=-1 (mod p).

Crpana 13



Mnaou mamemamuuap

Hokaxumo caga nau3 p | (p - 1)! + 1 cnenu na je p mpoct 06poj.
[IpernocraBumo na p Huje nmpocT u na uma aemunain d, d <p. Tagad | (p- 1)!
onmakine cnequ d (p- 1)! + 1 uwuz rorap (p- 1)! + 1. OBum cmo noOmnm
KOHTpPAJUKIIN]y, [1a p MOpa OUTH IIPOCT OpoOj.

)
Z

Bagarak 1. JlokasaTh ja 3a cBaku mpoct 6poj p Baxu: (p!)* - p'= 0 (mod p°).

Pememe: Kaxo je
(p)2 =p? = (pl+p)p!—p) =
= (plp=1+p)(plp—1)!=p) =
= pPllp-1)+ ((p—1)1=1).

a o Busiconoroj Teopemu je (p - 1)! + 1= 0(mod p),

JaKJIe (p!)2 - p7E 0 (mod p3).

3anmarak 2. Jloka3aTu J1a 3a CBaKd IPOCT Opoj p U CBaKH 11€0 OpOj @ BaXKU:
a +(p- 1! a= 0 (mod p).
Pememe: Ako je 11eo 6poj a AeJbUB MPOCTUM OpojeM p, TBpheme je OUUTIICIHO.

Hexka 11eo 6poj a Huje aespuB npoctuM O6pojem p. Taga je mo manoj depmaonoj
TEOpeMHn a” - a=0(mod p),

a KaKo je mo BuicoHoBoj Teopemu (p=1)!'+1=0 (mod p).
creau 1a je of —a+allp—1)+1)=0 (mod p),
Tj. a’ +(p—=1)-a=0 (modp).
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3amarak 3. Heka cy p u q paznuuutu ipoctu OpojeBu. JlokazaTu na je:

q-2q..(p- 1)g= -1 (modp).

Pememe: [1o manoj depmaoBoj Teopemu je ¢ ' =1 (mod p),

a mo BusicoHoBoj Teopemu je (- D!'=-1 (mod p).
MHOKEHEeM 0BHX KOHTpyeHIuja gobujamo  ¢° '+ (p- 1)!=-1 (mod p),
J. q-2q- (- 1)g= -1 (modp)

3anatak 4. OnpeauTu cBe HEMapHe MPUPOIHE OpOjeBe /1 TaKO Ja BaXKHU:

nt(n — 1!
Pememe: Ako n MOKEMO 3anucaTi y oonuky n =ab, tnejea=3,b=3,a=b,
oHma ce y nmpousBoxy 1 - 2 ... (n - 1) nanmaze yunuonu a, 2a i b, 2b, na je
(n- 1)! nessuB ca a’b’ = n’.
Hexa je cana n = p°, rje je p mpoct 6poj. Kako 3a cBe mpocte Gpojese p, p =5

BaKH HejeHakocT p° - 1> 4p, Tako ce y mpomssoxy 1 - 2+ 3 ... (p” - 1) Hanase
YHHUOLIN

p, 2p, 3p i4p ma je (p2 - 1)! nemwus ca p4 =n2. 3a p =3je n =9,
a 6poj (9 - 1)! =8!je nespuns ca 9, anu Huje ca §1.
Konauno, Heka je n mpoct 6poj. Taga je mpema BusiconoBoj reopemu (n - 1)! +

1 nespuBO canma (n - 1)! HUje AesbUBO ca n, a oHAa HE ca n”. Jlakie camo 3a
) . : 2
mpocte OpojeBe n u 3a n=9 6poj (n - 1)! HUje nepUB can’.

3anmarak 5. JlokazaTu na 3a cBaku npoct Opoj p =4k +1, k= N, Baxu:

(Iﬁf?ﬁ.‘}f)z +1=0 (mod p)
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Pememe: I3MHOXUBIIN OYUTTICIHE KOHpreHI_II/Ije

I = 1 (modp)

2 = 2 (modp)

2k = 2k (mod p)
2k+1 = =2k (mod p)
2E+2 = —(2k-=1) (mod p)

4k = =1 (mod p)

nobujamo
(4k)! = (=1)*((2k))? (mod p),
(4k)! = ((2k)!)* (mod p).
(dk)!+1 = ({2%.‘}!}2 +1 (mod p).

Kako je p = 4k + 1 mpoct 6poj, To je mo BuinocoHoBoj TeopeMu

(dE)!+1=0 (mod p),

naje

(2k)! ‘L1=0 (mod p).

3azarak 6. Jloka3aTu 1a 3a cBe IPUPOJHE OpPOjeBe 71 U CBE IPOCTe OpojeBe p 3a
koje je n! =(- 1)" (mod p) Baku: (p - n- 1)! + 1= 0 (mod p)
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Pememe: MHOXKEHEM KOHTPYEHITH]A
p=1 = =1 (modp),
p—2 = =2 (modp).

p=n —n  (mod p)

nobujamo

p=1(p=2)...(p=n)=(=1)"-n! (mod p).

ITo BuicoHOBOj TeopeMH je

(p=1!+1=0 (mod p).

U (p=1)(p=2)...(p=n)p=n-=1!+1=0 (mod p)

IITO TIOCTaje

(p=1p=2)...(p=n)p=-n-=-1!+1=0 (mod p)

300r ycioBa 3a1aTka 1001jamo

(p—n—=1)'+1=0 (mod p).

3anarak 7. Axo je a + b +1 npoct 6poj, onzaa je 6ap jenan ox Opojesa a! - b/+
1,a!-b!/-1nemwuBcaa+b +1.
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Pememe: Heka je a+b+1 = p - npoct 60j. Tana je mo BuiconoBoj Teopemu (a
+b)! + 1 neswuBo caa + b +1.

Kaxoje (a+b)!l =al-bl- (“77), tojeal bl (“7") + 1 nemuso

caat+b+1. [lame je

a+by (p=1\ (p=-1)p=2)...(p—a)
a “\a - al '

Kakoje (p—1){p=2)...(p—a)=(=1)"-a! (mod p).
nMamMo }} _ l
=(=1)" (mod
( , ) —1)" (mod p)
OIHOCHO
1+ 1
(ﬂ J) =(—-1) (moda+b+1).
a
Cnemun
a+b\* .
=1 (moda+b+1).
a
Kako je ) )
(a+b)l=-1 (moda+b+1),
2 a+b\>
- ((a+D)!)" = ( ) (mod a + b+ 1).
OHjIa je a

2 , o . _
On Tora fieTbemem (GGE’) nobujamo (a! - b1)? =1 (moda+b+ 1),

naje (a! - bl+ 1)(a! - b! - 1)=(a! - b!)* - 1 gespuBo npoctum 6pojeM p. axie,
Oap jeman ox (hakTopujena je IeJbHB ca p.

Jlazap Beuh I1-1
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bobounuepona dhopmyia

VY 0BOM uJIaHKY /1ajeMO jeJJaH 0] MHOTHX JJOKa3a TeopeMe IMo3HaTe Kao
bobunueposa popmyna. Teopema riacu:

Teopema 1. Ako cy R ¥ 7 IOJIYIIPEIHHUIIN ONUCAHE U YITHCAHE KPY>KHUILIE
tpoyriaa ABC u
Ta, Vb, Ve TIOJNYIPEUHULIM HbEMY IPUITUCAHUX KPYKHHULIA Tala BaXKH:

o+, +tr.=4R +r (1)

Jlokazahemo HajIpe HEKOIUKO UACHTUTETA KOj€ 33710B0JbABA]Y YTIOBU
TpoyTJia, a Koje hemo kopuctuTH y nokasy Teopeme 1.

"
i

a) cosa +cosJ+cosy =1+

b) —cosa +cosF+cosy =2+ —1

Tk

C) cosce —cos 3+ cos~y = -1

d) cosa+cosF —cosy = & — 1.

v

Wnentutet a) noxazahemo Ha JBa HAYMHA.

ITpBu nokas: Kako je o + 3 + vy =7, TO iMaMo pe1oM
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cos v + cos (3 + cos~y

Mnaou mamemamuuap
a4+ 3 a— 03
2 cos Cos —
2 2
9 a—0

2 sin 5 cos

LY a—73 e
2sin = | cos — sin
2 2

+1 — 2sin? z
2

-

1 —2sin® 2
+ sin >

LY a— 3
2 sin 5 Ccos — COS

~ o 3
28in—2sin—sin——+1
2 2 +

2
1sin & s 3 . ’}'+1
4 8in — sin = sin = :
2 2 2

Cnuxa 1.

(2)
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Heka je Tauka D mogHOXje HOpMase CIyIITeHe U3 IIEHTpa YIHCaHe KPY)KHUILIE
Tpoyrna I Ha crpanuuy BC (Bunu Ciuky 1.). I3 npaBoyrimx tpoyriosa ABDI
n ACDI je BD| =171 - (’,‘.l,g E . na 30or ¢=BC=BD+CD, nmamo:

_ 8 3
3 o cos 5 sin 5 + cos 3 5 - sin 5 5
a = T cl_.g§+cl..g§ =7r- 3
sin 5 sin 3
L~
sin == cos 3
_ 2 _ 2
= " . = T .
sin 5 sin 3 sin 5 sin
: 3 . v r o
Tj. sin =—sin— = = - cos —. (3)
2 2 o« 2

U3 (2) u (3) xopucrehu dpopmymy R = S=inao n061jamo
_ a T a
cosa +cosF+cosy = 4d-sin—-—-cos—+1
2 a 2
L _ 2r
= 2-— -sina+1=—" —+l
a a 2R
R 3

LITO je U TpeDdaso JoKa3aTH.
Jlpyru nokas: Kopucrehu popmyre T = aiﬁ ur= % rie je ca P

O3HauYeHa MOBPIIMHA TPOYTJIA, & ca § MMOJIYOOHM TPOYTJIa I00HjaMo PeoM:
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_ r R+r %+ % sabc + 4 P2
1 + — = = . = =
R R = sabe
- 14 4pP? _ 1+4S(S—(E)(S’—b)(5’—(3)
sabe sabc
_ abc+4.-2(b+c—a) -sla+c—Db) 2(a+b—c)
B abe
_ 2abe+(b+c—a)lat+c—b)la+b—rc)
B 2abc "

oJlaKie 300r
(b+c—a)(a+c—b)a+b—c)=ab?®+c?—a®)+b(a?+ 2 —b?) +e(a? + b2 — c?) —2abe

¥ KOCHHYCHE TeopeMe CIIeIu

L a(b? +c? —a®) +b(a® +c? — b?) + c(a® + b* — c?)
R 2abc
B b? + ¢ — a? a?+c?—b>  a?+b -2
B 2bc i 2ac N 2ab

= cosa + cos 3+ cos~y.

Tpeba npuMeTUTH 1a je HaBeIeHU J0Ka3 ‘‘C JlecHa Ha JIEBO™ jJeJHOCTABHU]U.

f -
Joxaxumo cana 6). Hakon Muoxkema ca 2abe 36or I! = T5  moxemo

HalnucaTu y 00JIuKy

2abc(—cosa+cos3+cosy+1)=8-P-r,. (4)

O3HaymMo JIeBy cTpaHy jeaHakocTh (4) ca L . I3 kocuHycHe Teopeme ciean
na je:

2bc cos o —a® L ph% Ll
Qaccos3 = —b* L g L2
2abcosy = —c*+ a® +b?
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a KMamo
L = —a(=a?+b2+c?)+b(a®=b°+c2) +cla? +b% = c?) + 2abe
= a*+a*b+e)—all® + & =2be) = b L be* L be =
= a*+a?b+c)—alb—c)? = (B +c*) +be(b+c)

a® +ab+c)—alb—c)? = (b+c)(b® —bc+c? = be)
= 48

+a’(b+c)—alb® +c*—=2bc) — (b+c)(b—c)?
= dla+b+c)—alb—c)?=(b+ec)b=rc)?
= adla+b+c)—(b—-c (a+b+c)=(a+b+c) [a2 — (b= 0}2:
(a+b+c)la=b+e)a+b—c)=2s(2s —2b)(25 - 2¢)
8 P?
s—a

= Bsls=Db)(s=c)= =8-FP-rg

I7Ie je 3a I00ujame MoCIIeIhe jeTHaKOCTH KopultheHa XepoHosa (hopmyiia 3a

noepmmny Tpoyrma £ = /s(s —a)(s = b)(s —¢).

I[01<a3 HICHTHUTCTA C U d ocTaBpamo quTaouma.

Jlokas teopeme: CabupameM jeTHAKOCTH

—cosa +cos3+cosy = — =1
cosa —cos+cosy = — —1

cosa +cos 3 —cosy = ——1

COS v+ cos 3+ cos~y = %{rﬂ +rp+re)—3

Ho6ujamo 4 omakie

360r a) ciemd | + — i{ g +Ty+T F} — .} LITO HAaKOH MHOXEHA Ca

R~ T
Rpaje R +p =p, +ry,+r. —3H 1. (1), wro jeurpedano
JIOKa3aTH.

Huxona Tpugynoeuh I1-1
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BekTopcko pememe
JjeaHOr 3ajaTka

3anatak 1. 3 Bpxa A kBagpara ABCD usHyTpa noByueHe cy ABeE IpaBe Ha
koje cy ciymreHe Hopmaie BK, BL, DM u DN u3 BpxoBa B u D. Jloka3atu nga
cy nyxxune KL 1 MN HOpMaiHe U J1a UMajy jeHaKe TyKHUHE.

Pememe: Jla 6 IOTBPIMIN HOPMAITHOCT BEKTOPA (] N 11 L Ji JOBOJBHO j€
noKasaTu J1aje TN . Tk = 0

Ca ciIHKe je OYHTIICTHO AK = A-AN, AN = - AB+ Ay AD, AM = i ar
Haje_-’ﬁ:lul ﬁ"‘jig.ﬁ
Capna pauyHnamo:

MN-IEK =

= (=AM + AN)(-AL + AR)
= (AIE - Azﬁ - .”'i.“lm - IJQEJ)

: (,\u:_’)\l_-l_é + M\ AD) =y, AD - ME)
= ('i)u — pup1)AB + (X —;mz}_.-l_fi)
: ('3:)\)\1 —p1)AB + (Mg — ;;2};1_1)))
= (A= ) AN = ) + (A2 = pz) (M2 = pia)) [AB)° (1)

Kako (1) 3a caza BuIie He MOKEMO I10jeTHOCTABUTH, HUCKOPHUCTUNEMO HEKE
yCJIOBE U3 3a7aTKa, Koje hemo kacHHje JoKa3aTu.
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(b
v -
' ~f M
"
'
.
.
n.
v
L
L]
5
1
.
4
kl
" g ’//
‘ I
. &%
1
v
" 1]
.
= g \
- - 1
T
\ - .
- - - 1
A —
-

i) BK - Ak =0

= (=AB+ MAD+ AQE)) - (Ml_ﬁ + AAQE) =0
= ((A\ -1AB + AAQE) : (A)\lﬂ_z% + AAQE) =0

= (MW =1)+ 222 A2 =0

= MM =D +AAZ=0

= AN =1+ =0

B3adA=0je K =A. N=Dnaje MD . AL, wro je TpueHjanHo. 3a A # 0
je A1(AAL = 1)+ A\2 = 0 omakne je AN? + A2 = Ay, 1.

AAT+A3) =\ 2)
i) BL-AL =0
= (-AB+ A8+ ;j_g_,-a—ﬁ) . (;;_1;1_3 + ;;_2E) =0
= (p1 = l)ﬁ + ;x.yﬁ) . (;J.JE - ;;_QE) =1
= (=1 +u3)-AB% =0

OIaKmIe ClIeIu

;;f - ,u% = /1. (3)
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iii) DM-AM =0
= (=AD+ p(uAB + ;x.z:'l_’D‘J) : (wu + pp A )
= (pnAB + (up2 — l)ﬁ) (wu_B’ + pipa lD) =
= (12pd + ppa(ppe - 1)) -|AB? =
= (ppd + pe(ppe - l}) =0

3a u=0je M=A L=Dpalje AN | BE. wro je TpuBHjaHO.
Uz pu # 0 cnenam pu(p? + p3) = pa. (4)

—_—

iv) DN -AN =0
== —E—)\lﬁ—)\z_)é)(;xl_)ﬁ—)\g_[j)= 0
= A]E—IAg—l T) (Alﬁ )\2?)=
OJaKIe CIeIH
A2+ A2 =), (5)

Bpartumo ce cana ajeqnakoctu (1):

= (A = )OO = 1) + (A2 = ) (Mg = o)) | AB)?

= (AA — ALpi1 = ApA i+ s AN = oA — Apdgpz + jijiz . |AB?
= (A2 +23) + u(2 + pd) = Au(up + Aapta) = (Mg + pade)) - |AB)?
(AR +23) + u(pd + pd) = (1 + Ap)( Ay g1 + dopo)) - | AB)?

= (A 42— (A + dopta) = Ap(Aipn + Aopz)) - |[ABP (6)
Cana je
Ny = | Kopuermo | )y Ha
LN C) R WY R R VI R ey
B A1tz _ Kopuernvo !
TN @i !
A1tz -
_ 7)
)\Q,U-l
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Cana je
Ay = : [‘EC.PI'II:’,'TlI;I!'.\ID | - A1 _ fiz ,
(2)i(4) 17N+ 2+
_ Al iz _ | Koprerio |
- {)-.% - )-.%}[;;% - ;JS} — (3)1(5) |
= ALz (T)
)\2;11 ’

Jennakocr (6) najbe permmo
MN-IK =

= (A1 4+ po = (Arpn + Agpn) = Al A + Aapz)) - AL

l : : : 2N I
= o (M Aoptn + Aoprypen = A dop? = papad3 = Afpipz = Adop3) - D12

= %o (M dopn + Aoz — pipz (A2 +A2) = Mo (u? +4d)) - | AB)?
241

1 . .
=3 (At Aapt + Aopiifia = fiyfiade — Ay dopty) - | AB)?
241

_ ! 0.1 AB% =0
g

Haxne, Baxn NI - Lk = 0Tajeun N[N | Lk,

Jla 6¥cMO TOKa3ajIM jeJHAKOCT Ay>KMHA ]\ 1 L A IpernocraBuhemo aa je
Halll KBaJ[paT YIHCaH Y KOOPJIUHATHU CUCTEM, HIIP. TAKO Jia c€ BPX A Halaszu y
LEHTpPY, a cTpanule AB u AD Jexxe Ha X OJTHOCHO y OCH.

AKO ce BpaTUMO Ha IOYETAK PELIEha, BUIMMO J1a je

MN = (A = ) AB+ (g = ppin) AD 1 IR = (A = p11)AB + (Ady = pip) AD.
—_—

U3 [MN|=|LK| crexu | MN|2 = |TK2. 1.

(A=) + (g = ppa)? = (A = 1) + (Mg = pg)”
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onakie, cpehuBamem, cnean
A+ 05 = MO +23) + 12 (0] + p3) — (i1 + pi2) + 200 = ) (Aapin + Agpi) = 0

Ha ocHoBy pemnanmja (2) u (4) umamo

/\112 + )\é - )2 12 ) o .
e _1)\2 + l”;g;_zl”;g = (1 + p2) + 203 = p)(Arpy + Agp2) = 0.
1 2 1 2

Cana je 360r (3) u (4)
Ny — AT 13 . . \ .
27 =+ = =+ 2(A = p)(Arpn + Aapn) = 0. (8)
Az
U3 (2) u (4) je
M L2 Al pae ALpl — oAz )
‘)"_.U= 5 T T T 2=___—— |”"|
AT+X5 pi+us A Az i1

Kopucrehu (9) y (8) umamo

Y 12 Al — oA .
Ae— L B2y Lo T IBRR Y ) = 0,
}kg I8 }‘2.""1
OJIHOCHO
it (ASpy — A2y + padg — Aot + 20703 = 2u3X35) =0
U na xpajy, kopucrehu (3) u (5) nodbujamo
o X (u3 + p) = AT (i + ) + pua(A3 + 2A3) —
— i A0 20t = 2us03 ) =0
Jlakste, npernoctaBka | NN | = |LK | je TauHa 1 THME CMO Y TIOTITYHOCTH

PEIININ 3a1aTaK.
Jlasuo Konpusuya I-1
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Pa3uu npuctymnu peniaBamwy
KOOMMHATOPHOT IIpo0eMa

OcBpuyhemo ce Ha ceaM pa3IMYuTUX pellema (MpBa 3 cy eJeMeHTapHa, Koja
ce MOTY PaJIUTH M Y PEIOBHO] HACTaBH, JIOK cy cieneha 3, momohy mpuHIuna
VKJbyUeHa U UCKJbyUYeHa, PEKypEHTHUX Be3a U (yHKIIMja TeHepaTpuce, 3a OHe
YYEeHHKE KOju OM XTEeJIM BHUIIIE Ja ca3Hajy, OJIHOCHO 3a paj Ha J0JaTHO] HACTaBU
— BeoMa je OMTHO J]a OHU BHJIC Jia UMa M JIPYTHX 3Haka KOja U3j1a3e BaH OKBUPA
PEIOBHOT IIKOJCKOT TpOorpamMa W TMOCIEIkEe peHICHhe je MPOorpamMepcKo)
cieneher mpobnema wu3 ypbenumka “‘/luckperna wmartematuka” Jlparoma
IIBetkoBuha u Cnobomana Cumuha (3amatak 18. ca ctpane 60). Hakon tora
hemo 3amaTu cmuvaH mpoOJieM Ha KOME C€ MOTY YTBPJIUTH CTEUCHA 3Hamba.

1. Konuko uma npupoHix 6pojesa Mamux o Mutuos (10°) y kojuma ce jaBiba
nudpa 8?

Vpaauhemo noomnmirerse 3a 6pojee Mame o1 10" u Tpaxkenu 6poj 6pojea hemo
03Ha4yuTH ca a,. Ckyn nudapaje C=1{0,1,2,3,4,5,6,7,8,9},aS=1{0,1, 2,
3,4,5,6, 7,9} je ckyn mudapa 6e3 ocmuue. bpojeBuma koju umajy k < n
nudapa nonucahemo Ha moveTky n — k Hyma u Ha Taj HAYMH CMO CBe OpojeBe
mame ox 10" (ykibyuyjyhu u 0) cBenu Ha cpehene n — topke enemenara us C
(BapHjanuje ca moHaBJbamkEM OJ1  esieMeHara ckymna C).
9" g ( k) HAuYMHA MOYKEMO
o1a0paTu TUX k MecTa Ha KOjUMa Cy OCMHUIIE, a HA OCTaluX /1 — k MECTa MOXKe
OoutH OMJI0 KOja o7 ocTanux nudapa, OTHOCHO Ty ce Hayla3u udpa u3 ckyma S
U CBaKy OJ] lbUX MOKeMO oj1abpaTu Ha 9 pasITUTIX HATHHA (110 MpUHIIUTITY
IPOM3BO/Ia CBE MOKEMO oabpaty Ha 9" HauwHa). Tpaxenu 6pojeBu Mory
umaru 1, 2, ..., n ocMHUIIa T€ TI0 PUHIMITY 30Uupa J00HjaMo J1a UX YKYITHO UMa

_ - n n—k __ - n n—k no__ 13T n __1An n
an—Z(k)Q _Z(Jg —9"=(94+1)"—9"=10" -9

k=1 k=0

. ' 7
Pemense I: bpojeBa ca TauHo k ocMuIa nma ( k)
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Pemewse II: Ykonuko je mpsa mudpa § cieBa Ha MPBOM MECTy, Ha OCTaJIUM
MeCTHMa Moe Outh Omio koja mudpa u3 S (|S| =9 ), 8 je Ha apyrom a Ha
OCTAJIUM MECTHMa MOXe OuTH Omio koja nudpa, ma takBux 6pojesa uma 9 ?1 ?
10™? . Vkomuko je npsa mudpa 8 ciesa Ha k - Tom Mecty, Ha npBux (k-1) mMecta
MOke OuTu Omio koja mudpa u3 S, 8 je Ha k — TOM, a Ha OCTaJIUM MECTHUMa
Moe GuTH GHIIO KOja rudpa, ma TakBHX Opojesa uma 9° 21 210" Ako je 8
caMo Ha TIOCTEI-eM MECTy OHAa TakBHX Opojesa mma 9"'. Kako cy oBm
norahaju TUCjyHKTHU 10 MPUHIMITY 30Mpa 00HjaMo Jia TpakeHHX OpojeBa numa
ap, = 10"+ 9210 +...+ 9" = (10" + 9 210" +...+ 9™1) 2(10-9) =

10" -9".

Pememe II1: (ITomohy komriemenTa): YKyImHO mpupoaHUX OpojeBa MamHUX O
10" (yxspyuyjyhu u 0) uma tauno 10" — KOIMKO U BapHjaluja ca MOHABIHABEM
ckynma C ox n enemenara. bpojeBa mamux ox 10" koju He campxe uudpy 8
(yksbydyjyhu u 0) iMa Tauno 9" — KOJIMKO ¥ BapHjalluja ca MOHABJbambeM CKyIa
S ox n enemenara. Pazmuka 10" — 9" mpezcrasiba 6poj npupoaHUX OpojeBa ca
HajBuIIe n nudapa, Ko KOJUX ce, Kajga Cy HAMUCaHU y JICKAQJHOM CHCTEMY,
jaBsba mudpa 8 1j. a, = 10" - 9"

Pememe IV: (Ilpunuun ykpyuema 1 HCKibydera): O3HauuMoO ca A; — CKyl
n-torudpennx 6pojeBa kKoju uMajy 1udpy 8 Ha i- TOM MeCTy (3a pa3JIuKy O]l
pewema I, oBzie TO HUje MPBO 0jaBJbUBAE, HETO OMJIO KOj€ TaKo J1a CKYMOBU
A, HUCY TUCJYHKTHH).

'A;l = 10™" jep Ha i- ToM MecTy nMaMmo (ukcupany wudpy 8, a Ha CBAKOM O
OCTIUX MOXKEMO Y3€TU Npou3BoJbHY IMbpy. 3a 7 2 j je A;n A = 10™*

(CTMYHO Ha [ - TOM H J - TOM MECTy MMaMO OCMMIIE, a Ha OCTAIUM CYy
npousBosbHEe 1ubpe). . . . Kako je AinAxn..nA, = {88...8} (n ocmuna)
uMamo 1a je JAinApn...nA, = 1. Kaga oBo cBe yBpctumO y Qopmyiry

yKJby4eHha M HCKJby4deHa W Ca OO3UPOM Ha YMILCHHUIYy J1a ! CKYNOBa 4YHjU
IIPECEK TPAXKUMO MOXKEMO 0/1a0paTH Ha (?) HaunHa 100H1jaMo:

AUA U UA = Z_ Al = Z_ ANA ]+ +(=D)HA N AN N4,

1<ign 1<i<i€n

n n—1 n n—2 n n—3 n=-1{7
(1) 10 (2) 10 (1) 10 (=1 (n) 1
w0 — (") c10m = (M) romt = (M) cromm2 o (=) () S =107 = (10— 1)” = 107 — 9.
0 1 2 n
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Pemewe V: (momohy pexypenTHux Huzoa): Hahumo Besy Opoja (n+1) —
nudpeHux OpojeBa KOju 3a0BOJbABA]Y YCIOB 3a/1aTKa, dnt| 1 N — TOIH(PPEHUX,
an. AKO ce y mocneamux n nudapa Hanasu nudpa 8 (takBux Opojesa uma 9" —
Bapujanuje ckymna S) onna (n+1) — Ba mopa Outu 8§ Tj. TakBuX OpojeBa uma 1 ?
9" . Tako cMO JIOILIM JI0 HEXOMOTEHE JTMHEAPHE PEKYPEHTHE BE3€E:

an+1 = 10 a, + 9", ca moyeTHUM ycinoBoM a; =1 (*)

(jemnouudpenux OpojeBa koju caapke mudppy 8 uma camo jemas: 8). Ako y (*)
3aMEHUMO cBako n ca n+l mobujamo anyy = 10 @z + 9"l 4 ako ox ose
jennaumHe omy3memo (*) momHOXeHy ca 9, mobwjamo JIMHEApHY XOMOTEHY
PEKYpPEHTHY Be3y:

anvy - 19 ays1 + 90a,= 0, ca mouernum ycinopuma al =1, a2 =19 (*%*)

(mpyru moveTHH yciIoB 1ooujamo u3 (*) 3a n = 1 WM mpocTUM npedpojaBameM :
8, 18,28 , ..., 78, 80, 81, 82, ... , 89, 98 — uma ux 19). Kapakrepuctnuna
jenmaumHa 3a (**) je - 19¢+90=0u mene Hyne cy t; = 10 u £, =9, ma je
OIIITE pelemne jeqnaunne (**), a camum M u (*), a, = C; 210" + C, 29", rue
koHcTante C; u C, oapehyjemo u3 nouetnux ycnona: a; = 1 = 10C; + 9C, u a2
=19 = 100C, + 81C, . PemaBamem oBor cuctema nooujamo C; =1 u C; = -1,
OJIHOCHO TpaXkKeHUX OpojeBa uma a, = 10" — 9",

Pememe VI (momohy ¢yHKIMja reHepaTpuce): 3a Bapujaije ca MOHAB/bAkEM
ckyna C y kxojuma ce jenaH enemeHT (8) mojaBipyje Oap jemaHmyT UMamo
eKCIOHEHIIMjaIHy (YHKIM]y reHeparpuce (npBu (akrtop oaronapa nudpu 8, a
JIpyTH je 3a octanux 9 uudapa)

t to ! 0t _ o ‘xunﬂk S (9
uwp(Ffaf...).(lfﬂfif...) (€—1)-€” —eM =) > =) (10 MF

k=0 k=0 k=0

(OBIIE CMO KOPUCTHIIN U Pa3BOj EKCIIOHEHIIMjalIHEe (PYHKIIH]E Y
+oC L -I\Lﬂ.

pex €= % ). bpoj Bapwujammja n — Te Kiace je KoepuIujeHT y3 ? , Tj.
k H

peleme 3a1arka je a, = 10" — 9"
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Pememwe VII (Kommjyrepcku npuorpam);

program brojanje;
var n,c: integer;
m,b,s: longint;
p: Boolean;
begin
writeln(’Program trazi koliko ima prirodnih brojeva manjih od 10”n u kojima
se javlja cifra 8.);
write(’Unesite broj n’);

readln(n);

s:=0;

for m:=1 to 10"n-1 do
begin
b:=m; p:=false;
repeat
¢:=b mod 10;

if c=8 then p:=true
else b:=b div 10;
until (b=0) or p;
if p then s:=s+1;
end;
writeln(’Trazenih brojeva ima ’,s)
end.

2. Konuko wmma mpupomnux OpojeBa ca Hajpuiie n mudapa y KojuMma ce
nojasJbyjy umdpe 3 unu 5?

Pememe: [TormyHno anamorno camo je cama S = {0, 1, 2,4, 6,7, 8,9} u |S| =8,
a je pesyarar a, = 10" — 8"

bophe Kusanosuh I1-1
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HAJYCIIEIHHNIN TAKMNYAPHU

Jlp>kaBHO TakKMHUYEHE U3 MaTemMaruke ofpxkaHo je 19.03.2011. ronune y Humy.
[TnacmaH Ha TaKMUYEHE U300PHIIO je AeceT yueHnKa BasbeBcke ruMHasmje, Koju
Cy OHMIIM CBPCTAHU y JIBE KATETOPH]e.

A xareropuja

Amxosuh JosanaI-1

[Tpnuh Pactko I-1

Konpusuna Jlasun I-1

Kusanosuh Hophe II-1 (Il narpana)
Maitemesuh Cama I11-1

b kareropuja

Je3nuh MBana I-2

["ajuh Mapwuja I1-2
Tonoposuh Jbumana I1-2
Jemuh Mana I11-2
CrojanoBuh Cama V-2

Ha exkumHOM TakMu4ewy ,,Apxumenec onpxkaHoMm y beorpany, exumna Harie
mikoste 3ay3ena je 3. mecto (Il Harpanga) y KoHKypeHIuju 47 cpebux MIKoJa 13
Cp6Ouje.

UnanoBu ekure BajbeBcke ruMHa3uje OUITH Cy:

[Tpnuh Pactko I-1 (moxBana)
’Kusanosuh bophe II-1 (Il Harpaga)
Manemesuh Cama IlI-1 (I Harpaga)
[Tpoxuh MunaIV-1
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TecT 3agaiy U3 MaTreMaTUKe

3 5 . :
|. BpeaHoct u3paza — + ——+ jenHaka je:

100 1000 100000

(A)0.357 (B)0.3507 (C)0.35007 (D)0.0357 (E)0.03507

(%]

. Ako je x = -1, BpeHOCT M3paza — (x"+ x* +x* + x) u3HOCH:

(A)-10 (B)-4 (C)0 (D)4 (E)10

5 ; ’x—z - R .
3. Ako je f( m) = x, Taaa je I (2) jenHako:

(A)0 (B)-2 (O)-1 (D)1 (E)2
4. Jly’kiHa OHE TETHBE Kpyra X’ +y’ +4x—4y-17 =0, unja je cpeauna y Tauku P (0,3),
jenHaka je:

(A)V5 (B)2vV5 (C)4V5 (D)5V5 (E)6V5

5. Ako je sind1° =a, cosd 1° = b, sinl8° = ¢, cos18° = d, Tana je sin(-23°) jenHak:
(A)ab—cd (B) bec—ad (C)ac—bd (D)ac + bd

(E) Hujenan oa HaBenenux oaroeopa

(1+i)2010 (l_i)zmz
(1-0)2011  (1+{)2013

6. Axo je i = V—1 Tana BpeHOCT W3pa3a H3HOCH:

(A)i (B)1 (O)-1 (D)-i (E)O
7. Ocrarak npH esberby noauHoMa 3x° + 2x' + 3 GuHomom x+1 jecre:

(A)x+2 (B)-3 (C)-2 (D)2 (E)3x+I

8. Ako je tg(g - ;—c) = \E ,(a>0,b>0,a+#b)rana je sin x jefiHaK:

b-a . a+b 1 - E
(A, B)Vb-Va (O — D) 7=—7 ©)1-;
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a+ x2

9. Ako je a> 0 ux>+a . Tana je uspas + 2va wpenTnuksy

jenHax:

(A) 2Vx (B) I‘C’r (D)% (E)Va+Vx

10. Ako ce 3Ha 1a ce GUHOMHM KoeuijeHTH neTor u Tpeher unaHa y paseojy GuHOMa

n
(\fJ—C + ?1_;2) (x> 0, n € N) onHOCe Kao 7:2, Tajia je 4iaH KOjH Ca[lpiKH X jeIHaK:

(A)34x (B)8lx (C)84x (D)2x (E)x

11. [Nosehamwem nosynpeuHrka OCHOBE BasbKa 3a 6 JelMHHLIA, HEeroBa 3anpeM1Ha ce
noseha 3a y kvOHuX jenunuua. [ToBeharmem BUCHHE BasbKa 3a 6 jeIMHULA HheroBa
sanpemuHa Takohe ce noseha 3a y KyOHHX jeIMHHLIA. AKO je MOYETHA BHCHHA BaJbKa
jeHaKa 2, Tajia je NOYETHH MOJYNPEYHHK Ba/bKa je/IHaK:

(A)2 (B)4 (©O)6 (D)8 (E)=m

12. JlaTn cy UcKa3u:

1) Hejennauuna | x-1 | <0 Hema peallHUX peLIeH:a;

1I) Hejennaunna | — x° — 4] > 0 je Tauna 3a CBaKy peaHy BPEAHOCT X;
I11) Hejeanaumna | x + 1| + | x* + x| £ 0 Hema peanHuX peliema.
Tana:

(A) TauaH je camo uckas | (B) Tauan je camo ucka3s Il (C) Tauan je camo
uckas Il (D) Hujenan on HaBeeHux uckasa Huje TayadH (E) Cea Tpu uckasa
Cy Ta4Ha

13. Viynan 6poj peanHux pelnerba jeaHausne sin'x — cos'x = cos 4x Ha cerMeHTy
[0, 27] je:

(A)3 (B)4 (O)6 (D)7 (E)O

14. Ako je y Tpoyriy ABC yrao kon temena C jeanak 60° , a crpanuue BC =8 u C4 =
5. Tajia je yrao Koji TemeHa A jeiHak:

{A)arcsan(vr;r) (B) arcsm(‘hf) (C)arcsin(?) (D)an.sm( ) (E) 45°
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I5. Ckyn CBHX peajiHHX pellema HejeaHauute [ (x — 3)(2 — x) = 3 + 2x je:

(A) (-0,2) U3, +0) (B)[23] (©)(-3,3] (D)[2, +w)
(E) Hujenan oa HaBeeHHX OAroBopa

1
16. Ykynan Opoj peanHux pelietba jeJHauHHe (1 + ﬁ) log 3 +1log2=log (27 - 3x ) je:
(A)0 B)I (©)2 (D)3 (E)4

I 7. Karere npagoyriior Tpoyria u3Hoce 3 cm u 4 cm. Pacrojawe uamely nenrapa
YIMCAHOT KPYra M OMMCAHOr KPyra TOr TPOyrJia u3HOocH (y cm):

V5

@i ®2 ©2 o2 ®»E

1 8. Tpoumdpenux 6pojera y unjem cy 3anucy cee 3 Ludpe pasiMuuTe Uma:
(A) 728 (B)720 (C)642 (D)648 (E)450

19. Heku unanosu apurMeTHukux nporpecuja 17, 21, 25, 29,... u 16, 21, 26,... jennaku
cy mehy cobom. Tana 36up npeux 50 jeqHakuX Y1aHOBA JaTHX MPOTPECH]a H3HOCH:!

(A) 25550 (B) 25020 (C)26250 (D)20500 (E)24050

20. Ako ¢y m ¥ M peziom HajMama u HajBeha BpeHOCT yHKuMje y = x' —2x| x-2 | Ha
cermenTy [0,3], Taga je 36up m + M jeanax:

Z 02 9 B

A)s B>
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